The approach to p-adic wavelet theory from the point of view of representation theory is discussed. p-Adic wavelet frames can be constructed as orbits of some p-adic groups of transformations. These groups are automorphisms of the tree of balls in the p-adic space. In the present paper we consider deformations of the standard p-adic metric in many dimensions and construct some corresponding groups of transformations. We build several examples of p-adic wavelet bases. We show that the constructed wavelets are eigenvectors of some pseudodifferential operators.
Introduction
p-Adic wavelets were defined in [1] where also the relation between wavelets and spectral analysis of p-adic pseudodifferential operators was described. In [2] these results were generalized to wavelets and operators on general locally compact ultrametric spaces. In [3] , [4] , [5] , [6] , [7] , [8] p-adic multiresolution wavelet analysis was investigated.
Approach in p-adic wavelet analysis related to the representation theory of some p-adic groups of transformations was proposed in [9] , [10] . All transformations from these group map balls to balls. p-Adic wavelet bases and frames in this approach are constructed as orbits of the groups of transformations.
In the multidimensional case the metric in p-adic spaces can be defined nonuniquely. Moreover the different metrics will correspond to the different trees of balls in Q d p with the different groups of automorphisms (automorphisms of the tree of balls in an ultrametric space are also called ball-morphisms). These metrics will be related to the different wavelet bases. In the present paper we discuss some examples of metrics in Q d p and construct the corresponding wavelet bases. These wavelet bases are related to matrix dilations.
Matrix dilations were used in the real wavelet analysis to construct multiresolution wavelet bases in many dimensions, some of these bases contain wavelets supported on fractals [11] . The example of the corresponding matrix dilation is given by the quincunx matrix.
In paper [12] the example of the 2-adic 2-dimensional wavelet basis was constructed, which is related to the action of the quincunx matrix. This action does not map balls to balls, if we consider the standard 2-dimensional ultrametric. In the present paper we propose the example of metric in Q 2 2 such that the quincunx matrix acts as a ball-morphism for this metric (i.e. maps balls to balls).
We also construct the family of general matrix dilations related to some nonstandard metrics in Q d p and consider the corresponding wavelet bases. These bases contain the functions
A is the matrix dilation, see section 6 for the details. The n and k are understood as some (fixed in explicit way, see below) representatives from the corresponding equivalence classes. The above wavelets are analogues of the standard one dimensional p-adic wavelet χ(p −1 x)Ω(|x| p ) introduced in [1] . Moreover, the above wavelets are eigenfunctions of the natural pseudodifferential operators
where · is the norm in Q d p related to the considered metric, F is the Fourier transform.
Groups of automorphisms of trees were discussed in particular in [13] , [14] , [15] , [16] , [17] . If the group conserves the path to infinity in the tree with the above partial order, the group is called parabolic, if the group conserves all elements of this path to infinity (starting from some vertex in the path) then the group is called orispheric.
The structure of the present paper is as follows. In section 2 we discuss deformation of metric in multidimensional p-adic spaces and describe the corresponding groups of isometries.
In section 3 we discuss and construct some examples of dilations for the discussed in section 2 deformed metrics. A dilation here is a linear map which maps any ball with the center in zero to the maximal subball of this ball.
In sections 4 and 5 we consider two examples of deformed metrics, dilations and the corresponding wavelet bases in L 2 (Q 2 2 ) (i.e. discuss the 2-dimensional 2-adic case). The example of section 5 is related to the quincunx matrix which in the real case generate wavelets supported on fractals.
In section 6 we introduce the wavelet basis related to deformed metric and dilation in Q d p and show that introduced wavelets are eigenvectors of some pseudodifferential operators.
In section 7 we discuss the map of introduced p-adic wavelet to real spaces and show that the condition of paper [11] of existence of the corresponding real wavelet basis is equivalent to the statement that the corresponding natural map of Q 
Deformed metrics and groups of isometries
In the present section we consider deformations of the ultrametric in Q d p and find the corresponding groups of isometries. We will show that deformation of the metric changes the group of isometries.
The standard ultrametric on Q d p is defined by the formula
Let us deform the above definition by an introduction of weights q l
This defines a deformed ultrametric on Q d p . The corresponding norm on Q d p we denote · . We will use also more general deformed ultrametrics (which we will also denote d) which can be obtained from (2) (1) . These sets will be also balls with respect to any of the deformed ultrametrics (2) . For deformed ultrametrics we will have also other examples of balls which will be the finite unions of maximal subballs in p j Z 
Proof
The volume µ(W) of the Z p -module W generated by the set of vectors When the matrix X is diagonal this statement is obvious. In the general case, both the volume of the module W and |det(X)| p are invariant with respect to the transpositions of the columns and to the adding to a column of a linear combination of other columns. Performing these transformations we can bring the matrix X to the diagonal form, where µ(W) = |det(X)| p .
In [10] it was proven that the group O d of norm conserving linear transformations coincides with the stabilizer (in the group of non degenerate linear transformations) of the Z p -module V generated by vectors from the coordinate basis in Q d p (i.e. by the columns with one element equal to one and other elements equal to zero). Therefore O d is a subgroup in the group of matrices with |det(·)| p = 1.
A matrix with elements in Z p maps V to itself. Since the matrix with |det(·)| p = 1 conserves the volume µ(V) this implies that the matrix with elements in Z p and with
It is easy the check that a matrix with any of the matrix elements belonging to Q p \Z p does not map V to itself. This finishes the proof of the lemma.
We make the following observation: the deformed metric (2) possesses different group of isometries in comparison to the standard metric (1). Moreover, for the deformed metric the group of isometries will be smaller -it will be a subgroup of the group of isometries for the standard metric.
Making transpositions of the coordinates one can bring the deformed metric (2) in the form with q 1 ≤ q 2 ≤ · · · ≤ q d . We have the following lemma which describes the group of isometries for the deformed metric.
Lemma 2 Let us consider the deformed metric (2) with the parameters 
The sequence of balls between pZ d p and Z d p for the described metric d is the set of products
with a components Z p and d − a components pZ p , a = 0, . . . , d. All the above subballs (containing zero) have different diameters, namely the diameter of the subball with the parameter a is equal to q a for a = 1, . . . , d and is equal to p −1 q d for a = 0. All the balls in Q d p (with respect to the mentioned above deformed metric) are translations and dilations by degrees of p of the described set of balls.
An isometry from O( d) should conserve the above sequence of balls. The group of isometries in an ultrametric space coincides with the group of orispheric automorphisms of the corresponding tree of balls in this space (where orispheric map is the map which conserves all the balls in some maximal increasing sequence of balls I 0 < I 1 < I 2 < . . . where I 0 depends on the map), see for example [18] . In particular, transformations from O( d) act by orispheric automorphisms of Since Z p /pZ p = F p is the finite field of residues mod p, the above sequence of balls (3) can be considered as a complete flag in F 
Dilations
To construct multidimensional wavelet bases we use the following definition of dilations. Let d be an arbitrary deformed ultrametric in Q Let us note that for a dilation the above condition must hold for any ball with the center in zero. Therefore for a dilation A the set of balls with the center in zero is given by
p is a ball). Since any ball is translation of a ball with the center in zero it follows that a dilation is a ball-morphism (an automorphism of the tree of balls T (Q d p , d)). In particular, for the case of the deformed ultrametric with the parameters q 1 < q 2 < · · · < q d (which corresponds to a complete flag in the above Lemma 2 the dilation should satisfy |det(·)| p = p −1 .
Lemma 5 Let A be a dilation in Q d p with respect to a deformed metric d. Then the set of characteristic functions of balls with respect to the deformed metric d is in one to one correspondence with the set of functions
Here 
Proof
The group of degrees of the dilation A is transitive on the set of d-balls which contain zero. The translations from Q The second matrix in the above product is the cyclic substitution of the standard coordinate basis.
Lemma 6
The above matrix A is a dilation for Q d p with the metric d described in lemma 2.
Proof
Let us consider the action of A on the balls B a given by (3) . We get
Since dilations by p j , j ∈ Z of B a , a = 1, . . . , d, constitute all d-balls containing zero this proves the lemma.
One can use dilations (together with translations and the isometries described in the present section) to construct wavelet bases as orbits of groups generated by the mentioned transformations as in [10] , [9] . In the next two sections we will consider the examples of dilations and wavelet bases discussed in [11] in the framework of the real wavelet analysis (the first example actually is the particular case of the above lemma).
Example of the two dimensional wavelet basis
In the present section we consider the example of the wavelet basis in L 2 (Q 2 2 ). Consider the matrix
It is easy to check that S 2 = 2E, where E is the unit matrix, and det S = −2. The map S is not a dilation of Q 2 2 with respect to the standard metric, but this is a dilation with respect to the deformed metric, see below.
Let us consider for Q 2 2 the deformed ultrametric with q 2 = 1, q 1 = q, p −1 < q < 1. This particular choice of the deformed metric on Q 2 2 will be denoted by s.
Lemma 7
The matrix S is a dilation for the deformed ultrametric s.
Proof
The set of all balls in Q 2 2 with respect to the metric s (or s-balls) contains the sets 2 −a Z 2 2 , a ∈ Z and translations of these sets, and the sets
and translations of these sets.
is the set of (x 1 , x 2 ) ∈ Q 2 2 with x 1 ∈ Z 2 and x 2 ∈ 2Z 2 . The action of the matrix S on balls in Q 2 2 has the form
Formulas (5), (6) imply that the application of S to any of the balls belongs to the described family of balls. This finishes the proof of the lemma.
It is possible to describe all dilations for the metric s. 
The proof of this lemma is by consideration of the action of A on the balls
we get a mod 2 = b mod 2, c mod 2 = d mod 2.
Then we take into account
which implies
Taking into account |det A| 2 = 1/2 we get the condition c = 2 mod 4.
We have found that the set of conditions (7) is necessary. It is easy to check that these conditions are sufficient for A to be a s-dilation.
This finishes the proof of the lemma.
Let us consider the wavelet function of the form of the difference of the two characteristic functions of s-balls:
The following theorem describes the corresponding wavelet basis.
Theorem 9
The set of functions θ jn (x) = p
Proof
The proof of this theorem is straightforward. Orthogonality of the wavelets can be checked directly and in essence follows from (5), (6) . Lemma 5 implies that to prove the completeness of the system of wavelets it it sufficient to check Parseval's identity for the characteristic function of the unit ball, which can be done directly as in [1] .
This finishes the proof of the theorem.
The quincunx wavelet basis
In the present section we discuss, using the language of ball-morphisms, the quincunx 2-adic wavelet basis which was considered in [12] . The quincunx matrix Q with det Q = 2
(where E is the unit matrix) was used in the real wavelet analysis for the construction of wavelets with supports on fractals [11] . In [12] it was found that the 2-adic 2-dimensional wavelet basis with dilations generated by the matrix Q consists of mean zero test functions (test functions are linear combinations of characteristic functions of balls, therefore the fractal real basis of [11] corresponds to the regular p-adic basis).
The next lemma shows that the quincunx matrix is a dilation for the metric q on Q 2 2 which is a rotation of the deformed metric s defined in the previous section (i.e. this lemma is the analogue of lemma 7 for the matrix Q).
Lemma 10 Let us consider the metric q on Q 
namely the metric which has the form
Then the quincunx matrix Q is a dilation of Q 2 2 with the metric q.
Proof
The set of balls with respect to the metric q is given by translations and dilations by the degrees of 2 of the sets 
Taking into account formulas (12) , (13), (14), (15) we prove that Q is a dilation with respect to the metric q.
Remark Since the metric q given by (11) has the form q(x, y) = s(Ux, Uy) and the matrix S of the form (4) is a dilation for the metric s, the matrix
where U is given by (10) is a dilation for the metric q. Note that the quincunx matrix Q does not coincide with the above example of a dilation for q (but UQU −1 fits in the conditions of lemma 8 and therefore is a s-dilation).
Let us consider the wavelet equal to the difference of the two q-balls
The following theorem about the 2-adic quincunx wavelet basis has been proven in [12] .
Theorem 11
The set of functions
is an orthonormal basis in L 2 (Q 2 2 ). Alternatively this theorem can be proven in the same way as theorem 9 in the previous section.
Wavelets and pseudodifferential operators
Let d be some deformed ultrametric in Q d p and A be a dilation with respect to d, |det A| p = p −1 . In particular one can consider the metric described in lemma 2 and the dilation constructed in lemma 6.
We define the wavelet function
where
p (as usual k are understood as some fixed representatives from the corresponding equivalence classes). Here A * is the transponated to A matrix (for a dilation A the transponated matrix is also a dilation). The function χ is the additive character of Q p (given by the expression (21) below).
We have p − 1 wavelet functions of the above form (since there are p represen-
. This definition is an analogue of the one dimensional p-adic wavelet χ(p −1 x)Ω(|x| p ). The parameter k which enumerates the functions Ψ k can be considered as a parameter in the set of maximal subballs in the unit sphere k = 1. If we investigate wavelets for the metric used in lemma 2 then this set of k can be considered as the parameter on the orbit of the group of isometries described in lemma 2.
The following formula is a generalization of (8), (16) .
Lemma 12 Definition (17) of the wavelet Ψ k can be equivalently rewritten as
where m l , l = 0, . . . , p − 1 are representatives in Z This finishes the proof of the theorem.
Let us consider the pseudodifferential operator of the form
where · is the d-norm in Q d p , F is the Fourier transform
where µ is the (d-dimensional) Haar measure and χ is the additive character of Q p : χ(x) = exp(2πi{x}), {x} is the fractional part of x:
7 Map to real wavelets
In [1] the following measure conserving 1-Lipschitz map (the Monna map, or the p-adic change of variable) of the p-adic field to the positive half-line was considered and it was proven that the images with respect to this map (for p = 2) of 2-adic wavelets are the real Haar wavelets on the positive real half-line:
